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with launching from Btel3ite o r b i t s  can be much more severe, amounting t o  

loss of the b e n e f i t  of the  o r b i t a l  speed, i f  t h e  o r b i t  plane is i m -  

properly inclined. 

INTRODUCTION 

The problem of determining the cor rec t  magnitude and d i r ec t ion  of 

t h e  launching ve loc i ty  required t o  reach another p lane t  from a given 

poin t  on the  e a r t h ' s  surface a t  a given time is  a f a i r l y  complicated one. 

Solut ion r equ i r e s  de t a i l ed  consideration of (1) t h e  e f f e c t  of launching 

time and the  i n c l i n a t i o n  of t he  o r b i t a l  plane of t h e  des t ina t ion  planet  

on t h e  required magnitude and d i r ec t ion  of t h e  hyperbolic ve loc i ty  vec- 

t o r  r e l a t i v e  t o  t h e  ea r th ,  and (2 )  t h e  e f f e c t  of launch s i te  and launch 

t i m e  on the  i n i t i a l  ve loc i ty  required t o  a t t a i n  these  hyperbolic veloc- 

i t ies .  I n  t h e  present  paper, general  expressions a r e  derived r e l a t i n g  

these  parameters, and the  r e su l t s  are appl ied t o  p a r t i c u l a r  Earth-Venus 

16 

17 

t r a j e c t o r i e s .  
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RELATIONS BE!TWEEN €ELIOCENTRIC AND HYPEIiBOLfC VELOCITY 

To sun 

Sketch 1 

N pole  of 
e c l i p t i c  

0 

Shown i n  sketch 1 is the  general  r e l a t ionsh ip  between t h e  he l io-  

c e n t r i c  ve loc i ty ,  v1, required at the  e a r t h ' s  o r b i t  t o  reach the  d e s t i -  - 

nat ion,  and the  hyperbolic veloci ty ,  Vhy requi red  t o  a t t a i n  t h i s  value - 

of vl. The l i n e  t o  the  sun and the e a r t h ' s  o r b i t a l  ve loc i ty  vector  - 

vE determine t h e  e c l i p t i c  plane. The angles a and 8 are t h e  in -  - 

c l i n a t i o n  of t h e  he l iocen t r i c  ve loc i ty  and t h e  hyperbolic ve loc i ty  

J 



I 

2 

3 

4 

5 

6 

7 

0 

9 

10 

11 

12 

l3 

14 

15 

16 

17 

- 4 -  

r e l a t i v e  t o  the o r b i t a l  ve loc i ty  VE: The angles al and 8 are the - 1 

i nc l ina t ions  of VI and Vh northward from t h e  e c l i p t i c ,  and the angles - - 

a2 and 82 a r e  the  inc l ina t ions  of v1 and vh - - toward the  

sun from vE. "he angles a3 and 83 a re  the  northward inc l ina t ions  of 

normal t o  the  e c l i p t i c .  
v1 and vh w i t h  plane / If t h e  des t ina t ion  l ies  i n  the e c l i p t i c  plane, 

- 

- - 

al and are zero, and if  t h e  t r a n s f e r  t r a j e c t o r y  is  tangent t o  t h e  

e a r t h ' s  o r b i t ,  a2 and G 2  are zero. 

I n  the  sketch v1 i s  shown as l e s s  than VE, as it m i g h t  be f o r  - - .  

t r a j e c t o r i e s  t o  the  innerplanets.  I n  general ,  t he  magnitude of v1 and - 

i t s  angle a2 r e l a t i v e  t o  vE axe determined from t h e  co-planar problem, 

i . e . ,  i f  t he re  is no midcourse correction, t he  des t ina t ion  must  l i e  i n  

the  plane determined by v1 and the l i n e  t o  the  sun 0-S. Thus, v1 - - 
and a2 can be considered known funct ions of launching time. The in-  

c l i n a t i o n  of the t r a j e c t o r y  plane, al, r e l a t i v e  t o  the  e c l i p t i c  plane, 

can a l s o  be ca lcu la ted  as funct ion of t he  pos i t ion  of the poin ts  of de- 

pa r tu re  and a r r i v a l ,  as shown below. 
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'. 1 From sketch 1,with vl, al. and a2 known, the  remaining parameters 

~;2 may be ca lcu la ted  from the  following equations: 1 

2 c0s2a1 cos2ct2 

2 2 cos2al cos 2 a2 
COS a = S 

cos al + cos a2 - 
4 

I 6 s i n  e = - s i n  a 
vh 

cos 8 cos e3 = 9 
cos e2 

10 cos a cos a3 = cos a2 

ll Determination of al: The angle a which is the  inc l ina t ion  of 1' ' 

(7) 

12 t he  plane containing the  sun, the  ea r th  a t  departure,  and the  des t ina t ion  

1s at a r r i v a l ,  can be determined as function of time with the  a i d  of sketch 

14 2. L e t  $o be the  angular dis tance of the  e a r t h  from the  l i n e  of nodes 

15 at departure and the  angular distance of the  des t ina t ion  planet  from 

16 t he  l i n e  of nodes upon a r r i v a l  of' the  vehicle ,  both angles being measured 

17 i n  the  d i r ec t ion  of motion of' the  planets .  The angle i is  the  inc l ina t ion  

r Z 3  
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ine  of nodes 

Dest inat ion upon arrival 

E a r t h  at departure 

Sketch 2 

of t he  o r b i t a l  plane of t he  des t ina t ion  planet .  Some trigonometric 

manipulationshows that f o r  sin%.= 1, 

- s in  i s i n  q1 
t a n  al = cos $ p i n  @1 - s i n  ~ o c o s  $1 

This r e l a t i o n  shows, as might be expected, t h a t  i s  90' i f  q0 = ql, 

except when 91 = 0. I n  other  words, when departure and des t ina t ion  

& 



- 7 -  

1 points  are 180' apar t ,  t h e  only plane containing both of these  poin ts  and 

2 t he  sun i s  perpendicular t o  the ec l ip t i c .  This t r a j ec to ry ,  of course, is  

3 proh ib i t i ve ly  expensive i n  terms of ve loc i ty  required,  s ince the  o r b i t a l  

perpendicular 
v1 / t o  4 motion of t h e  e a r t h  must  be completely canceled, and a ve loc i ty  

5 the e a r t h ' s  o r b i t  must be provided. Obviously, o ther  methods of reaching 

6 the des t ina t ion  when Qo * q1 w i l l  r equi re  less energy. 

7 Alternat ive methods include: (1) launching when the e a r t h  crosses  
h. 

8 t h e  nodal l i n e  (qo = 0) ,  a t  which time, from equation (l), al = -i, ( 2 )  

9 t iming t h e  a r r i v a l  t o  coincide w i t h  a nodal passage of t he  des t ina t ion  

10 plane t  (q, = 0, al = 0); or  (3) launching d i r e c t l y  i n t o  the o r b i t a l  plane 

l.l of the des t ina t ion  planet.  The t h i r d  a l t e rna t ive ,  as shown i n  sketch 3, 

12 

15 

14 

Plane of des t ina t ion  p l ane t  

--f=TT- 
Ec l i p t  i c  p lan+-- 

0 

Sketch 3 
15 

16 requ i r e s  f a i r l y  high launch ve loc i ty  unless  t h e  e a r t h  is very c lose  t o  a 

1 7  node. The d is tance  between t h e  e c l i p t i c  plane and t h e  plane of t he  

1 
I I 
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des t ina t ion  planet  i s  given by 

d = Rosin i s i n  qo ( 9 )  

where Ro i s  the  dis tance from Earth t o  Sun. Unless q o -  0, d w i l l  be 

s u f f i c i e n t l y  l a rge  t h a t  t he  launch ve loc i ty  t o  reach d must be very 

c lose  t o  escape veloci ty .  The required hyperbolic ve loc i ty  must then be 

provided with an addi t iona l  appl icat ion of t h r u s t  when the  dis tance d 

i s  reached. 

The procedure i n  sketch 3 requires  t h r u s t  appl ica t ion  a t  f a i r l y  

la rge  d is tances  from the  ear th .  If midcourse cor rec t ive  t h r u s t  i s  pro- 

vided, other  p o s s i b i l i t i e s  ex i s t .  For example, if the  departure and 

.p 
3 

a r r i v a l  po in ts  are on opposite s ides  of the  nodal l i n e ,  an impulse can be 

provided, when the  vehicle  reaches the nodal l i n e ,  which t r a n s f e r s  t he  

t r a j e c t o r y  t o  the  o r b i t  plane of the des t ina t ion  planet .  The impulse 

needed depends on the angle and ve loc i ty  with which the  vehicle  approaches 

the  nodal l i n e  (sketch 4 ) .  Thus 

(10) 
Av - = s i n  i cos v V 

where v i s  the  angle of approach r e l a t i v e  t o  the  normal t o  the  nodal l i n e .  

t 
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1 Since v is  not far from zero f o r  most t r a j e c t o r i e s ,  and v i s  of t h e  

2 order of 20 miles/sec, Av is  of the order of 1/2 t o  over 1 mile per sec- 

3 ond f o r  Venus and Mars t r a j e c t o r i e s .  I n  general ,  it i s  necessary t o  ca l -  

4 cu la t e  t he  Av required at  many points  along the  t r a j e c t o r y  t o  determine 

5 when a mideourse cor rec t ion  is minimized. One may conclude, however, 

6 that the  most promising methods of allowing f o r  the  inc l ina t ion  of the  

7 o r b i t a l  plane of the des t ina t ion  planet  a r e  a l t e r n a t i v e s  (1) and (2)  

8 above, o r  f a i l i n g  t h i s ,  choosing a t r a j e c t o r y  f o r  which q1 and q0 are 

9 su f f i c i en t ly  far apart  so t h a t  "I (equation (8) is  r e l a t i v e l y  small. 

10 Such t r a j e c t o r i e s ,  of course, a r e  excess energy paths i n  terms of co- 

11 planar o r b i t s ,  so t h a t  an optimum, o r  minimum-energy, t r a j e c t o r y  e x i s t s  

12 which is d i f f e r e n t  from a Hohman e l l i p s e  and requi res ,  i n  general ,  higher 

15 launch ve loc i ty .  

14 Earth Launch Conditions t o  A t t a i n  Specified Hyperbolic Velocity 

15 The hyperbolic ve loc i ty  vector required t o  produce the  h e l i o c e n t r i c .  

l6 veloc i ty  v1 can be achieved by launching from poin ts  on the e a r t h ' s  sur- - 
17 face  which l i e  on a c i r c u l a r  cone  whose axis passes through t h e  e a r t h ' s  : 
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center  and is  p a r a l l e l  t o  Vh, and whose half-angle i s  p, where p i s  

the  g rea t - c i r c l e  angle from the  surface i n t e r s e c t i o n  of Lhe diameter 

p a r a l l e l  t o  vh t o  the  launch point (sketch 5). This coordinate system - 

Nh 
1 

V h 

Launch 
c i r c l e  

'2 I 
I 

1 
- L - 

P 
I 

/ 
/'\ 

vh 

Sketch 5 

w i l l  be denoted a s  the'hyperbolic ' '  system, i n  which the  north pole Nh 

i s  a r b i t r a r i l y  taken t o  be l a t i t u d e  hh = 90' along the  grea t  c i r c l e  

t h a t  contains the  pole of the  e c l i p t i c  plane. The l a t i t u d e  i s  measured 

northward from the  equator, and longitude along the  equator 

Exzzl 
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1 counterclockwise from 0. From each point  on the  launch c i r c l e ,  t he  same 

2 hyperbola is followed t o  achieve vh. As B is  i n c r e a s e d k g e r  inc l ina-  - 
I 3 t i o n s  6 of the  launch ve loc i ty  vector vo r e l a t i v e  t o  hor izonta l  must 

4 be provided t o  a t t a i n  vh. A minimum value, Po, of p e x i s t s  (see 

5 sketch 6)  f o r  which vo i s  horizontal .  For j3 l e s s  than PO, launch 

6 angle 6 would be negative. The mathematical r e l a t i o n s  between vh, p, 

7 vo, and 6: a re  obtained as follows: 

vh 
0 

9 

10 

11 

12 
- Sketch 6 

l3 &om the’  energy equation 

v: 
v o -  2 2 - =  P 14 

rl 

15 so  that t h e  f i n a l  launch ve loc i ty  is  independent of p if it is  always 

16 obtained a t  t h e  same rad ius  rl’ Only t h e  inc l ina t ion  6 

17 changes. However, the  ve loc i ty  vo i s  the  r e s u l t a n t  of the l o c a l  
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that VL 1 component of the e a r t h ' s  ro t a t iona l  ve loc i ty  and the ve loc i ty  - 

2 must  be provided by t h e  launch motors. Consequently, VL changes as p 

5 increases ,  b u t  t he  prec ise  nature  of t h i s  change depends on t h e  r e l a t i o n -  

I 4 sh ip  between the "hyperbolic" coordinate system and the  terrestrial sys- 

5 t e m ,  which w i l l  be derived later. 

6 To determine 6 as a funct ion of p ,  we u t i l i z e  t h e  general  equa- 

7 t i o n  f o r  a conic-section t ra jec tory :  

0 r =  h2/P 
1 + E cos cp 

9 where h i s  angular momentum, p the g rav i t a t iona l  constant f o r  the 

10 E a r t h ,  E t h e  eccen t r i c i ty ,  and cp t he  t r a j e c t o r y  angle measured from 

( see  sketch 7 ) .  
11 t he  axis of the  hyperbola/ It i s  e a s i l y  shown (see, f o r  example, ref. 1) 

2 
- 1 = - - 1  voo u 

vc200 

and v are t h e  radius ,  c i r c u l a r  ve loc i ty  and a c t u a l  00 14 where ro, vcoo, 

l5 ve loc i ty  at  t h e  axis of t he  hyperbola (cp = 0). Consequently, 

16 rl 
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1 where the t h i r d  term i s  obtained by appl ica t ion  of t he  energy equation. 

2 The i n c l i n a t i o n  6 i s  given by (see r e f .  1) 

5 

6 

I t -  4 

v 

7 To determine 6, with vh and rl spec i f ied ,  we must, therefore ,  

8 determine ro (or vcoo) a s  function of j3. W e  note first from sketch 7 

9 that 

lo p + (~p, - Ti) = 180' (16) 

11 where cp, is the  value of cp when r -  m. From equation (12) ,  t h i s  

p2 value is  

1 - P h o  
15 cos cp, = - - - 

E - 2  
Vh + P/ro 

14 Subs t i t u t ing  c p 1  from equation (16) i n t o  equation (14), w i t h  equation 

15 (13) t o  e l iminate  cp,, we obta in  an equation expressing ro  as func t ion  

16 of P f o r  any value of vh and rl. The expression f o r  Bo is  obtained 

17 
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1 by s e t t i n g  cpl = 0 (rl/ro = 1) i n  equation (16 ) :  

VC200 cos Po = cos (180 - cpJ = -cos 'p, = 2 2 
vh +- vcOO 

2 

3 

4 Two other  r e l a t i o n s  a re  u s e f u l  before proceding t o  transformation of co- 

5 ordina te  systems, namely, the  dis tance of the asymptote from t h e  ear th 's  

6 axis (sketch 5) and the  equation for the  launch c i r c l e .  Ffrom conserva- 

7 t i o n  of angular momentum, 

0 

9 or  

10 

ll 

2 V 
E= 1 + 2 -  
rO li ;; 

12 and grom geometry: 

15 cos Ahcos r h  = cos P ( 2 0 )  

14 Equation (19) shows tha t  t he  asymptote is normally within a f e w  E a r t h  

15 radi i  of t he  axis of the  hyperbola. 

16 

17 
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Relat ionship Between Coordinate Systems 

I n  the c e l e s t i a l  coordinate system, the  in t e r sec t ion  of the e c l i p t i c  

plane with t h e  ear th  is  the  equator, and t h e  d i r e c t i o n  of t h e  verna l  

equinox i s  the  o r i g i n  of coordinates. The r e l a t ionsh ip  between t h i s  

N pole  of  
e c l i p t i c  I 

ll 

12 

l3 

14 

15 

16 

, 5 17 

2 \ /  

J 
vE 

Sketch 8 

coordinate system and the hyperbolic ve loc i ty  is shown i n  sketch 8.  The 

general  r e l a t ionsh ip  between l a t i t u d e  and longitude i n  two great - c i r c l e  
/ 

systems is as follows (see appendix A) .  

fi 
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cos Azptan A2 
2 t a n  rl = - + s i n  Azptan r2 

cos r2  

5 where A,, is  the  l a t i t u d e  i n  system 2 of the pole  of system 1, and r 

4 i s  measured counterclockwis6 from the  in t e r sec t ion  of t he  two equators 

5 (90' clockwise from grea t  c i r c l e  through vh). Thus, i f  system 2 is the 

6 hyperbolic system, denoted w i t h  subscr ipt  h, and system 1 the  e c l i p t i c  

7 s y s t e m  (without subscr ip ts ) ,  then 

10 Hence, 

1 AZp = 90 + O3 

12 -cos (90 + 0g)tan Ah 
t a n  (r  - r - e2 - 90') = 

cos (rh - + s i n  (go+ e3)tan @ h  - 90') 
VE 

15 
or 

16 Equations (24) and (25), together w i t h  equation (20)  -permit.  calcula-  
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func t ion  of p.  The c e l e s t i a l  longitude of vE is 
c 

where t i s  the  time of the vernal equinox (Masch 21), and rS i s  the  
vE 

c e l e s t i a l  longitude of t h e  sun. 

To convert t o  terrest ia l  l a t i t u d e  and longitude (o r  hour angle) ,  

equations (21) and (22) a r e  again applied; th is  t i m e  w i t h  system 1 being 

t h e  terrest ia l  system and system 2 t h e  c e l e s t i a l ,  o r  e c l i p t i c  system. 

The coordinates  a r e  shown i n  sketch 9. Denoting c e l e s t i a l  coordinate 
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T e r r e s t r i a l  N pole 

To sun 

Sketch 9 12 

15 without subscr ipt ,  and t e r r e s t i a l  coordinates with subscr ipt  E, equations 

14 (21 )  and (22) yield:  

- s in  23.5 t a n  h 
cos IT t a n  rE = + cos 23.5 t a n  f 

16 

17 
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1 It remains only t o  determine the hour angle as funct ion of rE. me 

2 zero-point f o r  t h e  hour angle w i l l  be taken as l o c a l  apparent noon, where 
/ 

3 t he  sun is at meridian. Thus, t h e  hour angle y after l o c a l  noon is  

4 given by 

6 where, from equation (28)  (with A = 0) 

7 t a n  rES = cos 23.5 t a n r ,  

8 and rS i s  given by equation (26).  

9 Launch Azimuth and p 

10 The launch azimuth and P can be ca lcu la ted  as funct ions of terrestial 

11 

l2 determine the  angle p of t h e  J" launch poin t .  

l a t i t u d e  and longitude with the  a i d  of sketch 10. It is  necessary first t o  

l3 

14 

35 

16 

17 

Vernal 
equinox 

Sketch 10 



- 20 - 

1 From t h e  cosine l a w  of spher ica l  trigonometry, 

Z cos fi = s i n  AE s i n  AEo + COS AE cos $o COS ( rE  - rEo) (31) 

3 where AE0 and rE0 are the  t e r r e s t i a l  l a t i t u d e  and longitude of t h e  

4 i n t e r s e c t i o n  of t h e  diameter p w a l l e l  t o  vhs w i t h  the ear th ' s  surface.  - 

5 These angles are obtained from sketch 8 and equation (27) and (28).  

6 Thus, i n  c e l e s t i a l  coordinates,  To = r + e2; ho = -e3, so t h a t  
v-E 

8 

10 The launch azimuth, Q, i s  given by 

s i n  a s i n  B ll s i n  y = 
E s i n  P 

12 where a and B are obtained by the cosine l a w .  

COS a = COS AEO COS (rE - rEo) 

s i n  AE0 
s i n  a 

14 COS B = 

15 The r e s u l t i n g  equation f o r  qE i s  

-JL - s i n  
2 2 2 - cos AEO cos ( r E  - rE0) 

s i n  n~ = 16 
s i n  @ 

17 

4 

(34) 

( 3 5 )  
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1 The angle qE, together  with the inc l ina t ion  6 r e l a t i v e  t o  hor i -  

2 zontal ,  permits ca lcu la t ion  of the  o r b i t a l  ve loc i ty  vL t h a t  must  be 

3 provided by the  launch motors when the  e a r t h ' s  r o t a t i o n a l  ve loc i ty  is 

4 considered. As  shown i n  sketch 11, the  th ree  components of vL axe 

I- 

S 

6 

"P 

10 

= vo s i n  6 
L, UP 11 v 

\ 

Sketch 11 

= V o  cos 6 s i n  qE - vr 13 VL,east 

14 where vr i s  the  r o t a t i o n a l  speed of the  e a r t h  at  the  launch l a t i t ude .  

2hE (38) 2 2 -  16 vL = vo - Zv v cos 6 s i n  qEcos hE + vrOcos 0 r O  

17 This equation, together  with those previously derived r e l a t i n g  6, qE, 

1 



s - 22 - 

1 hE and y w i t h  t he  requi red  hyperbolic ve loc i ty ,  permit ca l cu la t ion  of 

2 t h e  requi red  launching ve loc i ty  vL as func t ion  of launching l a t i t u d e  

3 and t i m e  of day f o r  any chosen in te rp lane tary  t r a j e c t o r y ,  Equation (38) 

4 shows, as does sketch 10,- t h a t  launching can be accomplished from any 

5 l a t i t u d e  on the  e a r t h  w i t h  a m a x i m u m  ve loc i ty  penal ty  equal t o  l o s s  of 

6 t he  b e n e f i t  of t he  e a r t h ' s  r o t a t i o n a l  speed. The maximum bene f i t  of th i s  

7 r o t a t i o n a l  speed occurs when (cos 6 s i n  qE cos hE) is maximized, if 

8 launch l a t i t u d e  is  a rb i t r a ry ,  o r  when (cos 6 s i n  7 ) i s  maximized if E 

9 launch l a t i t u d e  is fixed. The best launching l a t i t u d e  is, therefore ,  

10 determined by the d i r ec t ion  of t h e  required hyperbolic ve loc i ty  vector  

l,l and i s  not necessar i ly  t h e  equator. 

12 Application t o  Earth-Venus Tra jec tor ies  

15 A convenient s t a r t i n g  procedure t o  determine favorable launching 

14 periods is  t o  consider t he  ve loc i ty  increments needed as funct ion of 

15 t i m e  on t h e  basis of co-planar analysis .  Many poss ib le  t r a j e c t o r i e s  

16 can be taken, b u t  only two famil ies  of t r a n s f e r  e l l i p s e s  are considered 

17 herein.  Shown i n  f i g u r e s  1 and 2 are t h e  co- lanar  launch v e l o c i t i e s  ,r 
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needed t o  reach Venus and M a r s ,  respect ively,  along these  two fami l ies .  

The r e s u l t s  w e r e  ca lcu la ted  from the da t a  given i n  reference 1. The 

four  curves correspond t o  following the long (L) o r  sho r t  (S) branches 

of e l l i p s e s  tangent t o  the e a r t h ' s  o r b i t  (E)  and tangent t o  t h e  Venus 

or Mars o r b i t  ( V  o r  M) . The Av's shown are vo - vcoo, where vcoo 

i s  the c i r c u l a r  ve loc i ty  a t  t h e  assumed launch r ad ius  of 1.1 times the  

r ad ius  of t he  Earth. (Possible bene f i t s  t o  be derived from t h e  e a r t h ' s  

r o t a t i o n  are not considered i n  these Av's.) The o r b i t s  of the p lane ts  

were assumed t o  be c i r c u l a r  which, i n  the  case of M a r s ,  can r e s u l t  i n  

e r r o r s  of about 10.1 miles/sec i n  Av. Also shown i n  f i g u r e s  1 and 2 

are t h e  dis tance and angle between e a r t h  and planet  as func t ion  of t i m e .  

The departure and a r r i v a l  pa t t e rns  repea t  themselves during.each synodic 

period. 

The crossings of the  Venus-Earth nodal l i n e  are a l s o  indicated.  As 

pointed out i n  an earlier sect ion,  the most convenient launch times, from 

t h e  standpoint of allowing f o r  i nc l ina t ion  of t he  Venus o r b i t a l  plane, 

are those f o r  which departure takes  place when Ear th  crosses  t h e  nodal 

b 
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l i n e ,  or  a r r i v a l  occurs when Venus crosses  the nodal l i n e .  Figure 1 

shows t h a t  t h e  June 7, 1959 minimum-energy launching i s  unique i n  that 

t h e  Earth is  crossing the  nodal l i n e  at departure,  and Venus i s  crossing 

the  nodal l i n e  a t  a r r i v a l  (Nov. 2, 1959). For t h i s  date ,  therefore ,  t he  

vehicle  could be launched d i r ec t ly  e i t h e r  i n t o  the  e c l i p t i c  plane or in -  

t o  t h e  Venus o r b i t a l  plane. During t h e  following synodic period, a 

s l i g h t l y  excess energy t r a j e c t o r y  along an E-S e l l i p s e  (launching about 

2 days after minimum-energy) produces an a r r i v a l  t i m e  about May 15, 1961, 

when Venus i s  crossing t h e  nodal l i n e  (&scegding node). I n  general ,  

during each synodic period, t he re  e x i s t s  a launch da te  and t r a j e c t o r y  

which e i t h e r  coincides a t  departure with an Earth node (June 7 and Dec. 7) 

or  coincide at arr ival  with a Venus node. Table I showsthe range of 

departure and a r r i v a l  dates ,  during t h e  next f ive synodic periods,  f o r  

which Avo does not exceed 2.31 miles/sec (0.2 miles/sec above minimum- 

energy Avo) - 
Earth c ross ing  of t he  nodal l i n e  occurs during t h e  departure period, and 

I n  th ree  of these  periods (first, second and f i f t h )  an 

i n  a l l  per iods a Venus period. I n  many 
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1 cases ,  however, t he  required t r a j ec to ry  f o r  these  dates m a y  be incon- 

2 venient  from the  s tandpoints  of guidance and communication requirements, 

3 or durat ion of the  t r i p ;  o r  departure times may be delayed f o r  other  

4 reasons.  It is, therefore ,  desirable  t o  determine the  amount of excess 

5 Av requi red  as funct ion of launching data t o  allow f o r  i nc l ina t ion  of 

6 the Venus o r b i t .  Such computations become rather involved, because many 

7 f ami l i e s  of t r a j e c t o r i e s  should be considered, i n  addi t ion  t o  t h e  two 

8 shown i n  f i g u r e s  1 and 2. For i l l u s t r a t i o n  purposes the  computational 

9 procedure w i l l  be ca r r i ed  out fo r  only one f a n i i y  of t r a j e c t o r i e s ,  

10 namely, the EL family, and f o r  the 1959 synodic period. 

11 Since t h e  co-planar E-L t r a j e c t o r i e s  requi re  r e s u l t a n t  he l iocen t r i c  

12 v e l o c i t i e s  v1  p a r a l l e l  t o  vE (sketch 1) the angles a2 and 82 are 

el = 8 = 8, where a i s  t h e  inc l ina t ion  of v1 

Table I1 shows the v e l o c i t i e s  and angles ca lcu la ted  

3 l.3 zero, and a 1 = a3 = 

14 nor th  from e c l i p t i c .  

3.5 for these  t r a j e c t o r i e s  as funct ion of departure days after June 7. 

16 

17 
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TABLE. 11. - VELOCITIES AND ANGLES FOR E-L VENUS TRAJECTORBS 

Arr iva l  v1, a, vhJ e ,  
days after m i l e  deg m i l e  deg - - 

Nov. 2 sec see 

0 16.95 0 1.56 0 
2.4 16.95 -4.6 1.94 -44.5 

12 16.92 -4.5 2.03 -39.4 
41 16.74 -4.3 2.19 -35.2 
70 16.41 -3.4 2.34 -24.6 
85 16.19 -2.4 2.45 -16.2 

Avo, 
m i l e  
sec  

2.12 
2.12 
2.13 
2.18 
2.27 
2.33 

Av, Bo, 
m i l e  deg -- 
see 

2.12 25.5 
2.22 31.4 
2.27 32.6 
2.30 X . 6  
2.34 36.8 
2.38 38.2 

t i o n  (18). The Av's i n  t h i s  t ab le  are vo - vc,o, with -vc,o taken 

as 4.69 mile/sec, the value at a radius  of 1.1 t i m e s  the earth's rad ius .  

The ve loc i ty  increment Avo is the  co-planar value, and Av the value 

allowing f o r  i nc l ina t ion  of the  Venus plane.  These values are p l o t t e d  

- 

i n  f i g u r e  1 f o r  comparison (dashed curve).  This p l o t  shows that the  

effect  of i n c l i n a t i o n  on Av i s  not l a rge .  However, if the minimum- 

energy launch had not coincided with a departure  o r a r r i v a l  node, the 

angle  a, would be  90' a t  the "minimum energy" date, and Av would 

have been extremely l a rge  indeed. A f e w  days later,  however, t h i s  pen- 
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case, t he  minimum-energy launch data, considering inc l ina t ion ,  would 

be some days before o r  after the co-planar minimum-energy data. 

Table I1 shows that a and 8 jump q u i t e  abruptly from zero t o  

a maximm value, and then dec l ine  as the t r a j e c t o r y  plane approaches 

the e c l i p t i c  plane. If the ca lcu la t ions  were extended t o  about 90 days 

after June 7, f i gu re  1 shows that a and 8 would again be zero, 

s ince  a r r i v a l  would then coincide w i t h  another Venus node. 

From t h e a a e s  given i n  t ab le  11, the problem of launching from 

the e a r t h ' s  sur face  can be i l l u s t r a t e d  as i n  sketch 1 2  and 13- 
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No horizontal-launch point.  

Sketch 1 2 .  - Launch s i t u a t i o n  June 7: 6 = 0; Po = 25.5. 
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N 
NE I 

J 
To sun 

Sketch 13. - Launch s i t u a t i o n  for E-L t r a j e c t o r y  about 20 days 
a f t e r  June 7: €3 = - 35.2', Bo = 34.6. 

17 
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Sketch 12 shows the  approximate loca t ionof  the  horizontal-launch cone f o r  

June 7, and sketch 13 f o r  June 27. % r t h e  June 7 date, t h e  l a t i t u d e  

28' N l i es  outs ide  the  horizontal-launch c i r c l e ,  s o  that t h e  r e s u l t a n t  

ve loc i ty  vo must have some inc l ina t ion  6 a t  a l l  t i m e s  during t h e  

launch day. To determine the b e s t  t i m e  of day f o r  the launch, t h e  

pena l ty  due t o  increasing 6 must  be balanced aga ins t  t h e  b e n e f i t  

due t o  increasing 

For the  June 

horizontal-launch 

(eq. 38 and sketch 11). 

27 launch (sketch 13), l a t i t u d e  28' N crosses t h e  

c i r c l e  at a time when the  launch azimuth is  not far 

from E a s t ,  so  t h a t  t he  crossing time would be a favorable launch t i m e .  

Again, however, some b e n e f i t  might r e s u l t  from waiting a l i t t l e  t o  

produce even more e a s t e r l y  launch before 6- has increased much. 

The procedure t o  determine t h i s  optimum launch t i m e  i s  as follows: 

From equation 15, t h e  expression f o r  6 can be w r i t t e n  

2 

+ t an  6 = d( e o 0  - ,)r:OO 'h - 
vco vco v; + 2v:o 

(39) 

2 where vcoo = p/ro, vco = 4.69; vh = 1.56 f o r  the June 7 launch and 2.19 
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f o r  t he  June 27 launch. From equations (14) and (16): 1 

2 

3 

4 

5 

6 

7 

8 
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-cos(p + cp,) = 

where (pbs is  given by 

(40) : 

2 By varying vc0oy 6 i s  determined as funct ions of B .  From equa-  

t i o n s  (31), (32)  and ( 3 3 ) ,  rE i s  determined as func t ion  of p. From 

equation (361, a i s  determined as func t ion  of rE. n u s ,  vE and 6 

are obtained as funct ions of rE.  The bes t  value of rE is  t h a t  f o r  

which cos 6 s i n  vE is  maximum (see eq. (38)) .  The hour angle cor- 

responding t o  this  rE i s  obtained from equations (24) and (30). 

R e s u l t s  of computations f o r  launch from l a t i t u d e  28' N along the 

E.L. path on June 27 are comparedwith r e s u l t s  f o r  t he  June 7 minimum- 

energy t r a j e c t o r y  i n  f i g u r e  3. In both cases,  t h e  launch v e l o c i t i e s  re- 

quired from the engines, vLI can be very c lose  t o  those t h a t  could be  

obtained if  the f u l l  value of the  earth's r o t a t i o n a l  speed a t  that 
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l a t i t u d e  could be u t i l i z e d .  The launch azimuth and inc l ina t ion ,  as might 

be expected, vary much more strongly with launch time than does the re- 

q u i r e d  launch ve loc i ty .  

Launching from S a t e l l i t e  Orbits 

The procedure described i n  the preceding sec t ions  f o r  determining 

launching requirements from the Earth's sur face  is ,  of course, d i r e c t l y  

appl icable  t o  launching from the surface of any p lane t  t o  r e t u r n  t o  

Ear th .  Some modifications are necessary, however, f o r  t r i p s  s t a r t i n g  

from s a t e l l i t e  o r b i t s .  I n  t h i s  case the planet's r o t a t i o n  i s  no longer 

a f ac to r ,  bu t  t he  sa te l l i t e  velocity becomes an  even more s i g n i f i c a n t  

consideration. The problem of launching from c i r c u l a r  and e l l i p t i c  

o r b i t s  has been discussed extensively i n  re ference  2; only b r i e f  con- 

s i d e r a t i o n  w i l l  therefore  be given here in .  
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Sketch 14 

It is evident from sketch 14  that f u l l  advantage can be taken of 

sa te l l i t e  ve loc i ty  of the vehicle only i f  t h e  plane of the o r b i t  con- 

t a i n s  the vector V h ,  or, i n  the nhy-perbolan coordinate system, when - 

rho = 0, where F i s  the longitude of the nodal l i n e  of t he  o r b i t a l  h0 

plane. I n  t h i s  case, the inc l ina t ion  of the o r b i t a l  plane, Aho, is  

a r b i t r a r y .  Launching can take place when the vehic le  crosses t h e  cone 

Po, so  that the  added ve loc i ty  i s  hor izonta l .  If rho # 0, however, some 

perpendicular de f l ec t ion  of  t h e  t r a j ec to ry ,  T), must  be provided; f u r t h e r -  

more if  the o r b i t  plane does not cross the Po-cone, on upward i n c l i n a t i o n  

2 
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6 must be provided. The a c t u a l  launch ve loc i ty  requi red  i s  

ve loc i ty  i s  much reduced. 

(42) 2 2 9 = vo - 2vovco cos 6 cos q 4- vco 

where 6 is aga in  determined as funct ion of p from equations (14), 

(15) and (16)  , and 7 is  determined by sphe r i ca l  trigonometry from 

r and Ah . It i s  evident from equat ion (42) that  the  pena l ty  as- 
h0 -0 

soc ia t ed  w i t h  l a rge  values of 6 o r  7 are much more severe than f o r  

sur face  launches, s ince  vC,o i s  much greater than the r o t a t i o n a l  speed 

of the Earth. For t h i s  reason, o r b i t a l  per turba t ions  and precessions 

m u s t  be ca re fu l ly  preca lcu la ted  if  the vehicle  i s  t o  remain i n  o r b i t  f o r  
-. . 

appreciable  per iods of time before departure.  Furthermore, as poin ted  

out  i n  reference 2, d i f f i c u l t i e s  may arise a t  the des t ina t ion  p l ane t  i f  

the r e t u r n  vehicle  remains i n  o r b i t .  The vehicle  may se t t le  i n t o  a n  

o r b i t  w i t h  i nc l ina t ion  as much as 90' r e l a t i v e  t o  the  departure  d i rec t ion ,  

so  t h a t  much of t he  saving i n  propel lant  assoc ia ted  w i t h  remaining i n  

o r b i t  rather than landing, may be negated. Reference 2,  however, Considers 

methods whereby the penal ty  due t o  de f l ec t ing  the o r b i t a l  plane may be re- 
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CONCLUDING REMARKS 

Analysis of the problem of launching in t e rp l ane ta ry  vehicles from . 

the sur face  of a p lane t  i nd ica t e  that such launchings are poss ib l e  from 

any l a t i t u d e ,  with the  maximum velocity penalty corresponding t o  l o s s  of 

the b e n e f i t  of the Earth's r o t a t i o n a l  speed. The maximum bene f i t  of this  

r o t a t i o n a l  speed i s  derived when the product cos 6 s i n  VE cos % i s  

maximized, where 6 i s  the upward i n c l i n a t i o n  of the launch ve loc i ty  

vector,  9~ is launch azimuth, and XE i s  launch l a t i t u d e .  The angles 

6 and qE as determined by the d i r ec t ion  of the r equ i r ed  hyperbolic 

ve loc i ty  r e l a t i v e  t o  the launch l a t i t u d e .  

The e f f e c t  of i n c l i n a t i o n  of t he  o r b i t a l  p lane  of t he  des t ina t ion  

p l ane t  i s  t o  change the  requi red  d i r ec t ion  and magnitude of t h e  hyper- 

b o l i c  ve loc i ty .  The ve loc i ty  penalty r e s u l t i n g  from thds i n c l i n a t i o n  

is  generally q u i t e  small - of the  order of 0.1 mile/sec f o r  Earth-Venus 

t r i p s  - unless the  departure and a r r i v a l  po in t s  a r e  nearly 180° a p a r t  

and ne i the r  po in t  i s  a t  a node. I n  t h e  la t ter  case, an excess-energy 
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path,  i n  t h e  co-planar sense, may require considerably l e s s  ve loc i ty  

than  the  co-planar "minimum-energy" path.  

Launching in t e rp l ane ta ry  vehicles from closed o r b i t s  around t h e  

departure p lane t  may impose much more severe ve loc i ty  pena l t i e s ,  rel-  

a t i v e  t o  co-planar values, than launching from theplane t ' s  surface,  

s ince  t h e  sa te l l i t e  ve loc i ty  is much higher than  the sur face  r o t a -  

t i o n a l  speed. If the satel l i te  o r b i t a l  plane has s i g n i f i c a n t  inclinaw 

t i o n  re la t ive t o  the  requi red  hyperbolic ve loc i ty  vector, much of t h e  

advantage assoc ia ted  with remaining i n  o r b i t  r a t h e r  than  landing on a 

p lane t  may be l o s t ,  un less  the  d i r ec t iona l  co r rec t ion  is  applied a t  l a r g e  

distance8 from t h e  p lane t  where the r e l a t i o n  vehicle ve loc i ty  i e  emall. 
Lewis Research Center 

Nat ional  Aeronautics and Space Administration 
Cleveland, Ohio 
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APPENDIX A 

SYMBOLS 

angles of sphe r i ca l  t r i a n g l e  

sides of sphe r i ca l  t r i a n g l e  

d is tance  from e c l i p t i c  plane t o  o r b i t a l  plane of des t ina t ion  

p lane t  

angular momentum 

angle of i n c l i n a t i o n  a t  o r b i t a l  plane of des t ina t ion  p l ane t  

d i s tance  of asymtote.of launch hyperbola from a x i s  of launch cone 

d is tance  from Ear th  t o  des t ina t ion  p lane t  

rad ius  of Earth 

d is tance  from Earth t o  Sun 

d is tance  t o  t r a j e c t o r y  from mass center  

minimum dis tance  of hyperbola from mass center  

d i s tance  from mass center  at which f inal  launch ve loc i ty  i s  a t t a i n e d  
, {  

veloc i ty  along t r a j e c t o r y  

(vo - vco) including i n c l i n a t i o n  of o r b i t a l  plane of des t ina t ion  

E I I l  
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VC 

vc 0 

vc 00 

vE 

'h 

L V 

vr 

vr 0 

vO 

AVO 

voo 

v1 

a 

al 

a2 

a3 

c i r c u l a r  ( sa te l l i t e )  veloci ty  

c i r c u l a r  veloc i t y  a t  rl 

rO c i r c u l a r  ve loc i ty  at 

Ea r th ' s  o r b i t a l  ve loc i ty  

hyperbolic ve loc i ty  r e l a t i v e  t o  Earth 

launch ve loc i ty  provided by launch motors 

r o t a t i o n  speed of Ear th ' s  surface a t  launch l a t i t u d e  

r o t a t i o n  speed of Ear th ls  surface a t  equator 

r e s u l t a n t  launch ve loc i ty  at rl 

(vo - vco) from co-planar so lu t ion  

t r a j e c t o r y  ve loc i ty  a t  ro 
. .  

he l iocen t r i c  ve loc i ty  of vehicle a t  Earth o r b i t  

i nc l ina t ion  of v1 t o  vE 

inc l ina t ion  of plane of  he l iocent r ic  t r a j e c t o r y  north of eo l i p t i c  

- - 

plane 

inc l ina t ion  of v1 i n  ec l i p t i c  plane 

inc l ina t ion  of v from e c l i p t i c  plane c 
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grea t - c i r c l e  angle of launch po in t  from o r i g i n  of  "hyperbolic" 

sys t e m  

minimum value of B t o  a t t a i n  vh 

longitude i n  c e l e s t i a l  coordinate system 

longitude i n  terrestial coordinate system 

terrest ia l  longitude of radius  p a r a l l e l  t o  vh 

longi tude i n  hyperbolic coordinate system 

c e l e s t i a l  longitude of sun 

c e l e s t i a l  longitude of r a d i u s  parallel  t o  vE - 

hour angle, r e l a t i v e  t o  l o c a l  apparent noon 

inc l ina t ion  of V h  from hor izonta l  

e c c e n t r i c i t y  

launch azimuth, counterclockwise from l o c a l  north 

inc l ina t ion  of V h  relative t o  VE - - 

angle  between Mars and Earth 

angle  between Venus and Earth 

i n c l i n a t i o n  of plane of vh nor th  from e c l i p t i c  plane 

? 
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1 02 

2 O3 

3 h 

' 'E 

'Eo 

n c p  

12 'p, 

14 q0 

16 

i n c l i n a t i o n  of vh i n  e c l i p t i c  plane 

i n c l i n a t i o n  o f  vh from e c l i p t i c  plane 

l a t i t u d e  i n  c e l e s t i a l  coordiante system 

l a t i t u d e  i n  terrestial  coordinate system 

t e r r e s t i a l  l a t i t u d e  of rad ius  p a r a l l e l  t o  vE 

l a t i t u d e  i n  hyperbolic coordinate system 

c e l e s t i a l  l a t i t u d e  of sun 

c e l e s t i a l  l a t i t u d e  of radius p a r a l l e l  t o  VE 

g r a v i t a t i o n a l  constant (9.6~10 4 m i l e s  3 /sec2 f o r  Earth) 

angle of i n t e r sec t ion  of vehicle pa th  w i t h  nodal l i n e  

t r a j e c t o r y  angle, measured from ax i s  of hyperbola 

value of 9 f o r  r + - 
value of cp a t  rl 

angular d i s tance  of Earth from nodal l i n e  

angular d i s tance  of des t ina t ion  p lane t  from nodal l i n e  

17 
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1 APPENDIX B 

2 TRANSFORMATION OF COORDINATES 

3 To transform from l a t i t u d e  and longitude i n  system 1 t o  l a t i t u d e  

4 and longitude i n  another system 2 (sketch B-l), use is  made of t he  con- 
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8 

9 

10 

11 

12 

15 

14 

hs 

vent i .onal formulas of sphe r i ca l  trigonometry. 

N.7 N1 

1 

1 / 
Sketch B-1 

16 With the o r i g i n  of longitude i n  both systems measured from the Poin t  of 

17 i n t e r s e c t i o n  of t h e  two equators, t he  requi red  formulas are m 
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s i n  A s i n  B s i n  C 
s i n  a s i n  b s i n  c 
-- --=-  

s i n  b cos C = s i n  a cos c - cos a s i n  c COS B 

where 

A = A  
%I) 

b = 9 O - %  

a = 9 0 -  

B = 90 - r, 

c = 90 - 11 c = 90 + r2 

Subs t i t u t ion  of (B3) i n t o  (Bl) and (B2) y ie lds  

- cos 12 s i n  r2 = cos xiI) s i n  11 - s i n  X-L, cos 11 s i n  r; 

These equations r e s u l t  d i r e c t l y  i n  

t a n  X, 
+ s i n  X t a n  rl L 

cos %I) cos rl 1P t a n  r2 = - 
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Departure 

June 7, 1959 Minimum 
energy 

Av < 2.31  
M i  le/ s e c 

Arr ival  1 
L 

Nov. 2, 1959 

Venus node 
neares t  
a r r i v a l  

May 2, 1959 
t o  

Aug. 2, 1959 

. 
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Sept.  20, 1959 
t o  

Jan.  22, 1960 

NOV. 2, 1959 
(ascending) 

TABLE I 

Minimum 
energy 

Av < 2.31 
Mile/sec 

Aug. 19, 1962 Jan. 17, 1963 

Ju ly  14, 1962 Dec. 5, 1962 
t o  t o  

Oct. 14, 1962 A p r i l  5, 1963 

Feb. 20, 1964 
t o  

May 20, 1964 

3 

Ju ly  11, 1964 
t o  

Nov. 11, 1964 

I 

Departure ' A r r i v a l  

Venus node 
neares t  . 
arrival 

Mar. 19, 1963 
. _  ( des c ending) 

-~ 

Av < 2.31 
Mile/sec 

Venus node 
neares t  
arr i v a l  

5 

Sept.  28, 1965 Feb. 18, 1966 
t o  t o  

Dee. 28, 1965 June 18, 1966 

Apr i l  12 ,  1966 
(descending) 

Minimum 
energy 

Departure 

Jan.  13, 1961 

Dec. 7, 1960 
ti0 

Mar. 8,  1961 

2 

June 9, 1961 

Apr i l  27, 1961 
t o  

Aug. 29, 1961 

May 15, 1961 
(descending ) 

I 4 

I - - t - I  

I Sept.  30, 1964 
(ascending) I 
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